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Abstract 

In this work, we calculate the leading order corrections to general relativity for- 
mulated on a canonical noncommutative spacetime. These corrections appear in the 
second order of the expansion in theta. First order corrections can only appear in the 
gravity-matter interactions. Some implications are briefly discussed. 
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It is a difficult to formulate General Relativity on noncommutative spaces and there are 
thus different approaches in the literature. In pQ for example a deformation of Einstein's 
gravity was studied using a construction based on gauging the noncommutative SO(4,l) de 
Sitter group and the Seiberg-Witten map with subsequent contraction to ISO(3,l). Most 
recently constructions of a noncommutative gravitational theory El were proposed based 
on a twisted Poincare algebra jU E] . The main problem in formulating a theory of gravity 
on noncommutative manifolds is that it is difficult to implement symmetries such as gen- 
eral coordinate covariance and local Lorentz invariance and to define derivatives which are 
torsion-free and satisfy the metricity condition. 

Another approach has been proposed based on true physical symmetries [HIIZI- In that 
approach one restricts the noncommutative action to symmetries of the noncommutative 
algebra: 

[x^x u ]=i6^. (1) 

(see also jH] where this idea was applied to Lorentz symmetry). Obviously, the commutator 
(JTj) explicitly violates general coordinate covariance since 6^ u is constant in all reference 
frames. However, we can identify a subclass of general coordinate transformations, 

x»' = x» + t{x), (2) 

which are compatible with the algebra given by (pQ). The hat on the function indicates 
that it is in the enveloping algebra. Under the change of coordinates (J2J) the commutator 
(JTJ transforms as: 

= s"'!'" - r'f' 4 ' = iF + [F, f ] + [f , r] + 0(f ) (3) 
Requiring that 9^ v remains constant yields the following partial differential equations: 

6^da£ v {x) = u %£' t (x). (4) 
A nontrivial solution to this condition can be easily found: 

e(x) = e^dj(x), (5) 

where f(x) is an arbitrary field. This noncommutative general coordinate transformation cor- 
responds to the following transformation: = 9^ v d u f(x). The Jacobian of this restricted 
coordinate transformations is equal to 1, meaning that the volume element is invariant: 
d 4 x' = d A x. The version of General Relativity based on volume-preserving diffeomorphism 
is known as the unimodular theory of gravitation JI] . Thus we came to the conclusion that 
symmetries of canonical noncommutative spacetime naturally lead to the noncommutative 
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version of unimodular gravity. We obtain the noncommutative field-strength of the SO (3,1) 
gauge symmetry: 



R ab = R ab + B$ + R$ + 0(6 6 ) , (6) 



with 



Rab = \o cd {R ac , R bd } - \e cd {u c , (d d + D d )R ab }. (7) 
The noncommutative Riemann tensor is then given by 

R ab (x) = l -RJ d {x)i: cd , (8) 
and the leading order correction in 9 ab is found explicitly to be: 

RaTW = \o cd R a : 3 R bd kl d\] kl - \e cd w^{d d + D d )Rj l d% k f (9) 
the coefficient df^ kl q is defined by 

dgS 9 = Tr({E y ,E„}EW) J (10) 

where trace goes over the matrix indices of the SO(3,l) generators Ey. The group-theoretic 
coefficients of eq. (jl(J|) are all vanishing by virtue of antisymmetricity of the SO (3,1) genera- 
tors, ^ij T = — Ej and cyclic properties of the trace This can be explicitly demonstated 
for an arbitrary representation for the generators, e.g. S afc = | [7 a ,7&] 

The new result of this work is the second order correction in 9 ab which is given by 

Rl 2 J mn = ^^'0«(2«; < - 6 a f «; fc « l ft J R P //42^ - 2J^«*ti; : ,«'fti^ Ji ^t^S35 r (11) 

-^d l {R r t h R s ^ d )d^ - mw^m^d^r 

+iw i ab djW k cd R r e J W x 9 d ah \ de f g h ~ iRik w j" 1 Rrs^ w l ^aLdefgh 
-29H) ab R cd H e f v ,9hA5)mn . a b p cd e/a gh,(6)mn 

<ztw k n ri jn s j w l u abcde f g h t tw k n rs U7j u J w l u> abcde f gh 



_,■,„ a6n cdjD ef gh,(6)mn i on ,., afeo p cd„ e/ ,(2)mn 
Lw k ^rs ^il W j u abcdefgh ^ u i w k u j Jx rs w l a abcdef 

+2d l (w k ab R r ; d )d J w l ef dZlT f + 2m rk a ^ cd R/ f d a lT f 

9™,, afc P cd „,, e f T? 9hj(3)mn p aft p cdo p e/,(2)mn 

n rA . U^- rt s/ U'ghabcdef zrL rk n i Vj^sl a efabcd 

,p aftp cdp e/,(2)mn ,< -a p b6q p cd7(4)mn 

-t-n rA . n is jx j7 a e f abcd -r ^iUiix Tk Ujix sl a abcd 

J-9in ab A(on cd f) P e/ 7(2)mn . a fe p e / gh,(5)mn 

+2w k di(w i djR rs d abcdef + iw k w i d j R rs J w l d abcdefgh 
-iw ab 3 R cd w ef w 9h d {5)mn -m ab w cd R ef m gh m p V (8)mn 1 

iU7 fc CjXL rs (fj U7; a abcdefgh w k w i ^rs w j w l a abcdefghpq) 
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using the result obtained for a generic noncommutative gauge theory in ^U] and where the 
coefficients are defined by: 



J2)mn 
Uabcdef 


= Tr({{E ab ,E cd },E ef }E mn ), 


(12) 


,(3)mn 
a abcdefgh 


= Tr({S afe ,{[S c ,,S e/ ],S 9?i ,}}S m "), 


(13) 


,(4)mn 
a abcd 


= Tr([£ ab ,£ cd ]£"™), 


(14) 


j(5)ron 
^abcdefgh 


= Tr({[{S ab ,E c ,},S e/ ],S,4S m "), 


(15) 


abcdefgh 


= Tr({[£ ab ,£ cd ],{£ e/ ,£ 9 J}£ m "), 


(16) 


i(7)mre 
u abcdef 


= Tr([[S a6 ,S cd ],S e/ ]S m "), 


(17) 


,(8)mn 
abcdefghpq 


= Tr ({[S a6) {[S cd , E ef ],E gh }],E pq }E mn ) . 


(18) 



This coefficients are easily calculable using a specific representation, e.g. spinorial represen- 
tation, for the matrices £ a f, and a computer algebra program such as Mathematica with the 
routine TRACER jU]. We give explicit expressions for these traces in the appendix. The 
noncommutative action is then given by 

S = f d 4 x^R(x) = f d 4 x^ (R{x) + R (2 \x)) + 0(6 3 ). (19) 

This equation is an action for the noncommutative version of the unimodular theory of 
gravitation. The unimodular theory is known ^1] to be classically equivalent to Einstein's 
General Relativity with a cosmological constant and it can be put in the form 

S NC = / d 4 xV=gR(gn + 0(9), (20) 

where R{g^ v ) is the usual Ricci scalar and g is the determinant of the metric. If we restrict 
ourselves to the transformations (0), the determinant of the metric is always equal to minus 
one, the term \f—g in the action is thus trivial. However, as mentioned previously, we recover 
full general coordinate invariance in the limit 6^ u to zero and it is thus important to write 
this term explicitly to study the symmetries of the action. In order to obtain the equations 
of motion corresponding to this action, we need to consider variations of (J2Uj) that preserve 
g = detg^ = —1, i.e. not all the components of g^ u are independent. One thus introduces 
a new variable g^ v = g^g^ u , which has explicitly a determinant equal to one. The field 
equations are then 

- \g^R + 0{e ) = o. (21) 

As done in e.g. [TTj we can use the Bianchi identities for R and find: 

R;» = (22) 
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which can be integrated easily and give R = A, where A is an integration constant. It can 
then be shown that the differential equations (J21|) imply 

BT ~ \^ VR ~ + °( d ) = °> ( 23 ) 

i.e. Einstein's equations of General Relativity with a cosmological constant A that appears 
as an integration constant. Because any solution of Einstein's equations with a cosmological 
constant can, at least over any topologically R A open subset of spacetime, be written in a 
coordinate system with g = — 1, the physical content of unimodular gravity is identical at 
the classical level to that of Einstein's gravity with some cosmological constant 

The form of the 0(8 2 ) corrections in eq. (jllj) suggests that in the linearized approxi- 
mation, gravity is not affected by spacetime noncommutativity. Note also that in the full 
gravity-matter action the dominant O(0) will generally be present in the matter Lagrangian, 
that in turn could affect the solutions for the metric in this order. It would be very interesting 
to study cosmological perturbations in the above setting. 
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Appendix 

(2) 

fVbnVcmVde ~ VafVbmVcnVde ~ VaeVbnVcmVdf + VaeVbmVcnVdf 
-VafVbnVceVdm + VaeVbnVcfVdm + VafVbeVcnVdm ~ VaeVbfVcnVdm + 
Van {Vbm{V cfVde Vce Vdf) + VbfiVceVdm ~ VcmVde) + Vbe(VcmVdf ~ VcfVdm)) 
+VafVbmVceVdn ~ VaeVbmVcfVdn ~ VafVbeVcmVdn + VaeVbfVcmVdn + Vam{Vbn(r) ceVdf Vc 
+Vbf{VcnVde ~ VceVdn) + Vbe{VcfVdn ~ VcnVdf)) + VadVbcVenVfm ~ VacVbdVenVfm 
-VadVbcVemVfn + VacVbdVemVfn) 

^abcdefghmn = ^{Va hVbgVcnVdfnem ~ VagVbhVcnVdfVem ~ VahVbgVcfVdnVem + (25) 
VagVbhVcfVdnVem + VahVbdVcfVgnVem - 

VadVbhVcfVgnVem ~ VahVbcVdfVgnVem + VacVbhVdfVgnVem ~ 
VahVbgVcmVdfVen + 

VagVbhVcmVdfVen + VahVbgVcfVdmVen ~ VagVbhVcfVdmVen + 
VanVbm(Vcf(VdgVeh ~ VdhVeg) + Vch{VdfVeg ~ VdeVfg) 
+Vcg(VdeVfh ~ VdfVeh) + 

Vce(VdhVfg ~ VdgVfh)) + Vam Vbn {VcfiVdhVeg ~ VdgVeh) 

+Vch(VdeVfg ~ VdfVeg) + VcgiVdfVeh ~ VdeVfh) + Vce(VdgVfh ~ VdhVfg)) ~ 
VahVbgVcnVdeVfm + VagVbhVcnVdeV fm 

+VahVbgVce'ndn'nfm ~ VagVbhVceVdnV fm + VahVbgVcmVdeV fn ~ 
VagVbhVcmVdeVfn ~ VahVbgVceVdmVfn + VagVbhVceVdmVfn + 
VahVbfVcnVdeVgm ~ VafVbhVcnVdeVgm ~ VahVbeVcnVdfVgm + 
VaeVbhVcnVdfVgm ~ VahVbfVceVdnVgm + VafVbhVceVdnVgm 
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+VahVbeVcfVdn11gm ~ VaeVbhVcfVdnVgm ~ VahVbdVcfVenVgm + 
VadVbhVcfVenVgm 

+VahVbcVdfVenVgm ~ VacVbhVdfVenVgm + VahVbdVceV fnVgm 

-VadVbhVceVfnVgm ~ VahVbcVdeV fnVgm + VacVbhVdeV fnVgm ~ VahVbfVcmVdeVgn 
+VafVbhVcmVdeVgn + VahVbeVcmVdfVgn ~ 

VaeVbhVcmVdfVgn + VahVbfVceVdmVgn - VafVbhVceVdmVgn ~ VahVbeVcfVdmVgn + 
VaeVbhVcfVdmVgn ~ VahVbdVceV fmVgn + VadVbhVceV fmVgn + VahVbcVdcV fmVgn - 
VacVbhVdeVfmVgn ~ VagVbfVcnVdeVhm + 
VafVbgVcnVdcVhm + 

VagVbeVcnVdfVhm ~ VaeVbgVcnVdfVhm + VagVbfVceVdnVhm ~ 
VafVbgVceVdnVhm ~ VagVbeVcfVdnVhm + 

VaeVbgVcfVdnVhm + VagVbdVcfVenVhm ~ VadVbgVcfVenVhm ~ 
VagVbcVdfVenVhm + VacVbgVdfVenVhm ~ VagVbdVceV fnVhm + 
VadVbgVceVfnVhm + 

VagVbcVdcVfnVhm ~ VacVbgVdeV fnVhm + VafVbdVccVgnVhm ~ VadVbfVceVgnVhm ~ 

VaeVbdVcjVgnVhm + VadVbeVcfVgnVhm - 

VafVbcVdeVgnVhm + VacVbfVdeVgnVhm + 

VaeVbcVdfVgnVhm ~ VacVbeVdfVgnVhm + 

(-Vbg(Vaf(VcmVde ~ VceVdm) + Vae(VcfVdm ~ VcmVdf) 

-(VadVcf - VacVdf)Vem + (VadVce ~ 

VacVde)Vfm) + Vag{Vbf{VcmVde - 

VceVdm) + VbeiVcfVdm ~ VcmVdf) ~ (VbdVcf ~ VbcVdf)Vem + 
(VbdVce ~ VbcVde)Vfm) - (Vad(VbeVcf ~ VbfVce) + 

VafiVbdVce - VbcVde) + Vae(VbcVdf ~ VbdVcf) + Vac(VbfVde ~ VbeVdf))Vgm)Vhn) 

d abcdmn = ^VarnVbdVcn + Vad(VbmVcn ~ VbnVcm) (26) 
+VacVbnVdm + Van{VbdVcm ~ VbcVdm) + VamVbcVdn ~ VacVbmVdn) 



dabcdefghmn = -i(VahVbnVcmVdfVeg ~ VahVbmVcnVdfVeg ~ VafVbnVcmVdhVeg (27) 
+VafVbmVcnVdhVeg ~ VahVbnVcfVdmVeg + 
VafVbnVchVdmVeg + 

VahVbfVcnVdmVeg ~ VafVbhVcnVdmVeg + 
Va hVbmVcfVdnVeg ~ VafVbmVchVdnVeg ~ 
VahVbfVcmVdnVeg + VafVbhVcmVdnVeg ~ 
VagVbnVcmVdfVeh + VagVbmVcnVdfVeh + 

VafVbnVcmVdgVeh - VafVbmVcnVdgVeh + VagVbnVcfVdmVeh ~ VafVbnVcgVdmVeh ~ 
VagVbfVcnVdmVeh + VafVbgVcnVdmVeh ~ VagVbmVcfVdnVeh + VafVbmVcgVdnVeh + 
VagVbfVcmVdnVeh ~ VafVbgVcmVdnVeh ~ VahVbnVcgVdfVem + 

VagVbnVchVdfVern + VahVbgVcnVdfVem ~ VagVbhVcnVdfVem + VahVbnVcfVdgVern - 
VafVbnVchVdgVem ~ VahVbfVcnVdgVem + 
VafVbhVcnVdgVem VagVbnVcfVdhVem + 
VafVbnVcgVdhVem + VagVbfVcnVdhVem ~ 

VafVbgVcnVdhVern ~ VahVbgVcfVdnVem + VagVbhVcfVdnVem + VahVbfVcgVdnVem - 
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VafVbhVcgVdnVem ~ VagVbfVchVdnVem + 

VafVbgVchVdnVem + VahVbmVcgVdfVen ~ VagVbmVchVdfVen ~ 
VahVbgVcmVdfVen + VagVbhVcmVdfVen ~ VahVbmVcfVdgVen + 
VafVbmVchVdgVen + VahVbfVcmVdgVen - 
VafVbhVcmVdgVen + VagVbmVcfVdhVen ~ 
VafVbmVcgVdhVen ~ VagVbfVcmVdhVen 
+VafVbgVcmVdhVen + VahVbgVcfVdmVen ~ 
VagVbhVcfVdmVen ~ VahVbfVcgVdmVen + 
VafVbhVcgVdmVen + VagVbfVchVdmVen ~ 
VafVbgVchVdmVen - 

VahVbnVcmVdeVfg + VahVbmVcnVdeVfg + 
VaeVbnVcmVdhVfg ~ 

VaeVbmVcnVdhVfg + VahVbnVceVdmVfg ~ 
VaeVbnVchVdmVfg ~ 
VahVbeVcnVdmVfg + 
VaeVbhVcnVdrnVfg ~ 
VahVbmVceVdnVfg + 

VaeVbmVchVdnVfg + VahVbeVcmVdnV fg - 
VaeVbhVcmVdnVfg + VagVbnVcmVdeVfh ~ 
VagVbmVcnVdeVfh ~ 

VaeVbnVcmVdgVfh + VaeVbmVcnVdgVfh ~ 
VagVbnVceVdmVfh + 
VaeVbnVcgVdmVfh + 
VagVbeVcnVdmVfh ~ 
VaeVbgVcnVdmVfh + 

VagVbmVceVdnVfh ~ VaeVbmVcgVdnVfh ~ VagVbeVcmVdnVfh + 
VaeVbgVcmVdnVfh + 

VahVbnVcgVdeVfm ~ VagVbnVchVdeVfm ~ 
VahVbgVcnVdeVfm + 

VagVbhVcnVdeVfm ~ VahVbnVceVdgV fm + 
VaeVbnVchVdgVfm + 

VahVbeVcnVdgVfm ~ VaeVbhVcnVdgVfm + 
VagVbnVceVdhVfm ~ 

VaeVbnVcgVdhVfm ~ VagVbeVcnVdhVfm + VaeVbgVcnVdhVfm + VahVbgVceVdnVfm - 

VagVbhVceVdnVfm ~ VahVbeVcgVdnVfm + VaeVbhVcgVdnVfm + 

VagVbeVch VdnVfm ~ VaeVbgVchVdnVfm + 

Van(VbfVcmVdhVeg ~ VbfVchVdmVeg + 

VbgVcmVdfVeh ~ VbfVcmVdgVeh ~ VbgVcfVdmVeh + 

VbfVc gVdmVeh ~ VbgVchVdfVem + 

VbfVchVdgVern + VbgVcfVdhVem ~ VbfVcgVdhVern ~ 
VbeVcmVdhVfg + VbeVchVdmVfg ~ VbgVcmVdeVfh + 
VbeVcmVdgVfh + 

VbgVceVdmVfh - VbeVcgVdmV fh + Vbm{Vcf{VdgVeh ~ 
VdhVeg) + Vch(VdfVeg ~ VdeVfg) + VcgiVdeVfh ~ 
VdfVeh) + Vce(VdhVfg - VdgVfh)) + 
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(Vbg(VchVde - VceVdh) + Vbe(VcgVdh ~ VchVdg))Vfm + Vbh(Vcf (VdmVeg ~ VdgVem) + 
Vcm(VdeVfg - VdfVeg) + Vcg{VdfVem - 
VdeVfm) + VceiVdgVfm ~ 

VdmVfg))) + (Vah(Vbm(VceVdg ~ VcgVde) + 
VbgiVcmVde ~ VceVdm) + Vbe{VcgVdm ~ VcmVdg)) + 

Vag{Vbm{l]chVde ~ VceVdh) + Vbh{VceVdm - VcmVde) + Vbe{VcmVdh ~ VchVdm)) + 
Vae(Vbm(VcgVdh ~ VchVdg) + Vbh(V cmVdg 

-VcgVdm) + VbgiVchVdm ~ VcmVdh)))Vf n ~\~ Vam{ VbfVcnVdhVeg VbfVchVdnVeg 
VbgVcnVdfVeh + VbfVcnVdgVeh + 
VbgVcfVdnVeh ~ VbfVcgVdnVeh + 
VbgVchVdfVen - VbfVchVdgVen ~ 
VbgVcfVdhVen + VbfVcgVdhVen + 

VbeVcnVdhVfg ~ VbeVchVdnVfg + VbgVcnVdeVfh ~ 
VbeVcnVdgVfh ~ VbgVceVdnVfh + 

VbeVcgVdnVfh + Vbn{Vcf{VdhVeg ~ VdgVeh) + 

Vch(VdeVfg - VdfVeg) + VcgiVdfVeh ~ VdeVfh) + Vce(VdgVfh ~ 
VdhVfg)) + (VbgiVceVdh ~ VchVde) + 
Vbe(VchVdg ~ VcgVdh))Vfn + 
Vbh{Vcf{VdgVen ~ VdnVeg) + 

VcniVdfVeg ~ VdeVfg) + VcgiVdeVfn ~ VdfVen) + 
VeeiVdnVfg ~ VdgVfn)))) 

^ mm „. = i(wWMWto " r, MMlt - (28) 

VamVbcVdnVehVfg + VacVbmVdnVehVfg ~ 
VamVbdVenVegVfh + VaeVbnVdmVegV fh + 
VamVbcVdnVegVfh ~ VacVbmVdnVegVfh + 
Van (VbdVcm ~ VbcVdm)(VegVfh ~ VehVfg) ~ 
VahVbdVcgVenVfm + VagVbdVchVenV fm + 
VahVbcVdgVenVfm ~ VacVbhVdgVenV fm ~ 
VagVbcVdhVenVfm + VacVbgVdhVenV fm + 
VahVbdVcgVemVfn ~ VagVbdVchVemV fn ~ 
VahVbeVdgVemVfn + 

VacVbhVdgVemVfn + VagVbcVdhVemV fn ~ VacVbgVdhVemVfn + 

VahVbdVcfVenVgm ~ VafVbdVchVenVgm ~ VahVbcVdfVenVgm + VacVbhVdfVenVgm + 

VafVbeVdhVenVgm ~ VacVbfVdhVenVgm ~ 

VahVbdVceVfnVgm + VaeVbdVchVfnVgm + 

VahVbcVdeVfnVgm ~ VacVbhVdeV fnVgm ~ 

VaeVbcVdhVfnVgm + VacVbeVdhV fnVgm ~ 

VahVbdVcfVemVgn + VafVbdVchVemVgn + 

VahVbcVdfVemVgn ~ VacVbhVdfVemVgn ~ 

VafVbcVdhVemVgn + VacVbfVdhVemVgn + 

VahVbdVceVfmVgn ~ VaeVbdVchV fmVgn - 

VahVbcVdeVfmVgn + VacVbhVdeV fmVgn + 
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VaeVbcVdhVfmVgn ~ VacVbeVdhV fmVgn ~ VagVbdVcfVenVhm + 

VafVbdVcgVenVhm + VagVbcVdfVenVhm ~ VacVbgVdfVenVhm ~ 

VafVbcVdgVenVhm + VacVbfVdgVenVhm + 

VagVbdVceVfnVhm ~ VaeVbdVcgV fnVhm ~ 

VagVbcVdeVfnVhm + VacVbgVdeV fnVhm + 

VaeVbcVdgVfnVhm ~ VacVbeVdgV fnVhm ~ 

VafVbdVceVgnVhm + VaeVbdVcfVgnVhm + 

VafVbcVdeVgnVhm ~ VacVbfVdeVgnVhm ~ 

VaeVbcVd/VgnVhrn + VacVbeVdfVgnVhm + 

{VacVbgVdfVem ~ VacVbfVdgVem + 

VaeVbdVcgV fm ~ VacVbgVdeV fm ~ VaeVbcVdgVfm + 
VacVbe Vdg Vfm + Vag(Vbd(V cfVem VceVfm ) + 
Vbc(VdeVf m VdfVem )) + 
(Vae(VbcVdf - VbdVcf) + 
Vac(VbfVde - VbeVdf))Vgm + 
Vaf(Vbd(VceVgm ~ VcgVem) + 

VbciVdgVem ~ VdeVgm)))Vhn + Vad((VbnVcm ~ VbmVcn)(VehVfg ~ 
VegVfh) + VbfVchVenVgm ~ VbeVchVfnVgm - VbfVchVemVgn + 
VbeVchVfmVgn + 

Vbh(Vcg(VenVfm ~ VemVfn) + VcfiVemVgn ~ 

Ve-nVgm) ~\~ Vceij] fnVgm 

Vfm Vgn)) - VbfVc gVenVhm + 

VbeVcgVfnVhm + VbfVceVgnVhm ~ 

VbeVcfVgnVhm + (VbfiVcgVem ~ 

VceVgm) + Vbe{V cfVgm VcgVfm ))Vhn + 

VbgiVchiVemVfn ~ VenVfm) + VcfiVenVhm ~ VemVhn) + 

VceiVfmVhn ~ VfnVhm)))) 



d abcdefmn = {~VajVbdVcnVem + VacVbnVdfVem + (29) 
VafVbcVdnVem VacVbfVdnVem VamVbdVcfVen ~r 

VafVbdVcmVen + VamVbcVdfVen ~ VacVbmVdfVen ~ VafVbcVdmVen + 
VacVbfVdmVen + VaeVbdVcnVfm ~ VacVbnVdeVfm ~ VaeVbcVdnVfm + 
VacVbeVdnVfm + Van(Vbd(V cfVem VceVfm ) + Vbc(VdeVf m VdfVem )) + 
(Vam(VbdVce ~ VbcVde) + Vae{VbcVdm ~ VbdVcm) + Vac{VbmVde ~ VbeVdm))Vfn + 
Vad{Vbf(VcnVem ~ VcmVen) + Vbn(V ceVfm VcfVem ) +Vbm{V cfVen 
VceVfn) + VbeiVcmVfn ~ VenVfm))) 



^abcdefghpqmn ~ ^ (WdeCcfgh Vec^dfgh ^edghVfc + ^ecghVld) (30) 
{^bmripVaq ^anpqVbm ~\~ ^ampqVbn ^amnqVbp ^amnpVbq) 
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